The k-dimensional folded Petersen graph, F P k , is an iterative Cartesian product on the simple Petersen graph. As an essential component of folded Petersen cube, folded Petersen graph has many important properties. In this paper, we prove that the 3k-wide diameter and 3k-fault diameter of k-dimensional folded Petersen graph is either 2k + 1 or 2k + 2. Furthermore, we show that F P k is interval monotone.
Introduction
Network topology is a crucial factor for interconnection network since it determines the performance of the network. In order to evaluate the performance of a network topology, we can consider the following measures: connectivity, diameter, wide diameter, fault diameter, and fault-free Hamiltonian. In this paper, by a graph G = (V , E), we always mean a simple connected graph with vertex set V and edge set E. In this paper, |L| denotes the length of path L, and d(i, j ) is the length of the shortest path between any two vertices i and j . We follow [3] for graph theoretical and notion not defined here.
Wide diameter and fault diameter were first proposed in [8] . If the connectivity of G is k(G) = k, from Menger's theorem, for any pair of vertices, say x and y, we find k disjoint paths (i.e. with disjoint vertices except for the extremities) such that the longest path length of k disjoint paths is minimum, denoted by d k (x, y) , among all possible choices of k disjoint paths. The k-wide diameter d k (G) is defined as the maximum of d k (x, y) over all x, y ∈ V . For any subset of V , say S, if |S| k − 1, the k-fault diameter is the diameter of G − S, denoted by D k (G) .
The Petersen graph was introduced by Chartand and Wilson [5] in 1985. It is one of the most remarkable of all graphs (see [7, 4.4] ). A Petersen graph with 10 vertices has an outer 5-cycle and an inner 5-cycle and 5 spokes joining them, denoted by P (Fig. 1) . We also know that P is 3-regular and k(P )=3, d(P )=2, where k(P ), d(P ) are connectivity and diameter of P , respectively. In 1996, Öhring and Das introduced a Cartesian product on the simple Petersen graph P (see [10] ). For any positive k, k 2, the k-dimensional folded Petersen graph, denoted by F P k = P × P · · · × P k times =P × F P k−1 F P k , is the iterative Cartesian product on the Petersen graph P . For every i ∈ {0, 1, . . . , 9}, let iF P k−1 From the construction of Petersen and folded Petersen graphs, we know that any vertex of V (iF P k−1 ) has 3(k − 1) adjacent vertices in iF P k−1 , and other three adjacent vertices are in V (jF P k−1 ), where i and j are adjacent in P . Folded Petersen cube is an important competitor of the hypercubes, and they have many topological properties prior to hypercubes (see [10] ). Folded Petersen graph is an essential component of folded Petersen cube; in this paper, we obtain the wide diameter and fault diameter of this graph, and we also show that it is interval monotone.
Main results
For any graph G 1 and G 2 , the Cartesian product of G 1 and G 2 , denoted by vertex set G 1 ×G 2 , is the graph with vertex
, where p = |V |, q = |E|, and k = k(G) is the connectivity of G. In [6] , the relation between connectivity of G 1 × G 2 and G i (i = 1, 2) was given as follows: Lemma 2.1 (Chiue and Shieh [6] ). If G i are max-k and regular
From the definition of Petersen graph P , P is a max-k and a regular graph. From Lemma 2.1 and the construction of F P 2 , F P 2 is also a max-k and regular graph. F P k is recursively constructed from P , so F P k is 3k-regular,
Lemma 2.2. For any k-regular and k-connected graph G, d k (G) d(G) + 1, where d k (G) and d(G) are k-wide diameter and diameter of G, respectively.

Proof. Suppose x and y are two vertices in V (G) and the distance between x and y is d(G). Let z be a vertex in N(y),
where N(y) is the adjacent set of y. Then for any k internally vertex-disjoint paths between x and z, there must exist a path L from x to y and finally to z. By the definition of wide diameter, we have
It follows from Lemmas 2.1 and 2.2 that d 3k (F P k ) 2k + 1.
Proof. For any two vertices x and y in V (P ), if x and y are adjacent, then there exist three internally vertex-disjoint paths, and their lengths are one, four, and four, respectively. When x and y are not adjacent, the lengths of the three paths between x and y are two, three, and three respectively. So d 3 (P ) = 4. For any two vertices in F P 2 , three cases arise:
Case 1: Two vertices in iF P 1 (0 i 9). Without loss of generality, suppose x and y are all in 0F P 1 , x = 0u, y = 0v. In P there exist three internally vertex-disjoint paths between u and v, and the lengths are at most four. Accordingly, add 0 to the left of every vertex in the three paths to form paths between x and y in 0F P 1 . Moreover, there are three other paths: from 0u to 1u, 4u, 7u, then to 1v, 4v, 7v by a shortest path in iF P 1 (i = 1, 4, 7), respectively, and finally to 0v. Since there exist six internally vertex-disjoint paths between x and y, so d 6 (x, y) 4.
Case 2: In case 2, we have Thus, for any two vertices x and y in F P 2 , there exist six internally vertex-disjoint paths between x and y, and the length of the longest path does not exceed six, so d 6 (F P 2 ) 6.
Proof. From Lemma 2.2, 2k +1 d 3k (F P k ). It suffices to show the right inequality. We show the theorem by induction on k. Basis: k = 2. It holds by Theorem 2.1. Induction step: we now consider k 3. Suppose the theorem is true for F P i , 3 i (k − 1). Now, we consider any two vertices x = iu, y = jv in F P k . We discuss the following three cases:
Case 1: x = iu, y = iv. Since in F P k−1 there are 3(k − 1) internally vertex-disjoint paths between u and v, and the length of the longest path does not exceed 3(k − 1) + 2, we add i to the left of every vertex in these paths to form internally vertex-disjoint paths between x and y. Let N(i) = {l, m, n} be the adjacent set of i in P . In addition, we consider the three paths between x and y: from x to lu (or mu, nu), then to lv (or mu, nu) by the shortest path in lF P k−1 (or mF P k−1 , nF P k−1 ), and finally to y = uv.
, the respective lengths of the three paths do not exceed d(F P k−1 ) + 2 2(k − 1) + 2 = 2k. So we can find 3k internally vertex-disjoint paths between x and y, and their respective lengths do not exceed 2k + 2.
Case 2: 
By induction on k, we know that there are 3(k − 1) internally vertexdisjoint paths P i (i = 1, 2, . . . , 3k − 3) between u and v. Let P 1 = uv, then |P i | 2 for 2 i 3k − 3. For P 1 , we consider iu, iv, j v from x to y, the length is three. Suppose P 2 is u, w 1 , . . . , w l , v. Accordingly, in F P k there is a path x = iu, iw 1 , . . . , iw l , jw l , jv = y. For any other P i (i 3) we can find paths between x and y by a similar way, so there exist 3(k − 1) paths in F P k and their respective lengths do not exceed d 3(k−1) F P k−1 + 1 2(k − 1) + 2 + 1 = 2k + 1. Let l and m be two other adjacent vertices of i in P . In P − {i}, there are two internally vertex-disjoint paths from j to l and m, respectively, and the length is at most three, and they are denoted by l, l 1 , . . . , j; m, m 1 , . . . , j. We consider the following three paths:
iu, lu, the shortest path from lu to lv in lF P k−1 , finally to l 1 v, . . . , jv. P 3 : iu, mu, the shortest path from muto mv in mF P k−1 , finally to mv, m 1 
We found 3k internally vertex-disjoint (x, y) paths satisfying the result. P i is u, w 1 , . . . , w l , v (l 1) . In F P k . we choose a path as follows: iu, iw 1 , . . . , iw l , jw l , jv, so the length is |P i | + 1, where
Without loss of generality, suppose i = 0, j = 1. We consider the following three paths: P 1 : x = 0u, 1u, 2u, the shortest path from 2u to 2v in 2F P k−1 , finally to 1v = y. P 2 : x = 0u, 4u, the shortest path from 4u to 4v in 4F P k−1 , then to 5v, 9v, finally to 1v = y. P 3 : x = 0u, 7u, the shortest path from 7u to 7v in 7F P k−1 , then to 0v, finally to 1v = y. Case 3.1:
we can obtain the similar P i by the same construction. For any 1 i
In P , we can find two paths: i, l, s, j ; i, m, t, j . Accordingly, we can find three paths as follows:
Thus the result.
In F P k , we can find 3(k−1) internally vertex-disjoint paths P i (1 i 3(k−1)) between x and y similar to case 3.1. Let N(i) = {k, l, m}, N (j ) = {k, s, t}, let p be an adjacent vertex of k in P , and p = i, p = j . In P , we can find two paths: i, l, s, j ; i, m, t, j . According to this, we consider three paths as follows: P 3k−2 : x = iu, ku, pu, the shortest path from pu to pv in pF P k−1 , then to kv, j v = y. P 3k−1 : x = iu, mu, tu, the shortest path from tu to tv in tF P k−1 then to jv = y. P 3k : x = iu, lu, su, the shortest path from su to sv in sF P k−1 , then to jv = y.
The length of the three paths at most is d(F P k−1 ) + 4 = 2k + 2. Hence the theorem is proved.
Proof. Let x = 10 . . . , 0, y = 88 . . . , 8, and u = 000 . . . , 0 be three vertices in F P k . Assume that the faulty set
In F P k , for u and y there are k different bits between them. So in F P k the length of the shortest path between u and y is 2k. Since in F P k − F any path from x to y must pass through u, so
. From Lemma 2.3, we have:
For u, v ∈ V (G) we put (following [9] ) [4] . In the following, we will show that the folded Petersen graph is interval monotone. Since in Petersen graph P , the diameter of P is d(P ) = 2, for any two vertices u, v in V (P ), I P (u, v) is a path of length at most two joining u and v. So for any two vertices w, w in I P (u, v) , I P (w, w ) ⊆ I P (u, v 
Proof. For any two vertices
Since G 1 and G 2 are interval monotone graphs, so for any vertices w 1 , w 2 in I G 1 (u, u ) ((u, v), (u , v ) ).
Since the folded Petersen graph is the iterative Cartesian product of the Petersen graph, so we now have: Theorem 2.4. Folded Petersen graph is an interval monotone graph.
Conclusion
In this paper, we give the wide diameter and fault diameter of folded Petersen graph, and we show that it is also an interval monotone graph. There are many interesting problem still unsolved about folded Petersen graph: whether or not it is a spherical monotone graph? We can easily prove that if we remove any two edges of Petersen graph P , there exists a Hamilton path (about Hamilton path see [3] ) in the resulting graph. Can we say if we remove (3k − 1) edges in folded Petersen graph the resulting graph also has Hamilton graph? Folded Petersen graph is a pancyclic network: whether or not it is a vertices-pancyclicity and edge-pancyclicity graph?
